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Abstract
Let  denote a d-bounded distance-regular graph with diameter d2. A regular strongly closed subgraph of  is said to be a
subspace of . Deﬁne the empty set ∅ to be the subspace with diameter −1 in . For 0 i i + sd − 1, let L(i, i + s) denote the
set of all subspaces in  with diameters i, i + 1, . . . , i + s including  and ∅. If we deﬁne the partial order onL(i, i + s) by ordinary
inclusion (resp. reverse inclusion), thenL(i, i + s) is a poset, denoted byLO(i, i + s) (resp.LR(i, i + s)). In the present paper we
show that both LO(i, i + s) and LR(i, i + s) are atomic lattices, and classify their geometricity.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
In this paper we study certain lattices formed by subspaces in d-bounded distance-regular graphs. Before stating
our results, we ﬁrst recall some terminology for ﬁnite posets and lattices [1,2], and then some concepts concerning
d-bounded distance-regular graphs.
Let P be a poset. For a, b ∈ P , we say a covers b, denoted by b< · a, if b<a and there exists no c ∈ P such that
b< c<a. If P has a unique minimum (resp. maximum) element, then we denote it by 0 (resp. 1) and say that P is a
poset with 0 (resp. 1). Let P be a ﬁnite poset with 0. By a rank function on P, we mean a function r from P to the set
of all the non-negative integers such that r(0) = 0 and r(a) = r(b) + 1 whenever b< · a.
A poset P is said to be a lattice if both a∨b := sup{a, b} and a∧b := inf{a, b} exist for any two elements a, b ∈ P .
Let P be a ﬁnite lattice with 0. By an atom in P, we mean an element in P covering 0. We say P is atomic if any element
in P \{0} is a join of atoms. A ﬁnite atomic lattice P is said to be a geometric lattice if P admits a rank function r
satisfying r(a ∧ b) + r(a ∨ b)r(a) + r(b), ∀a, b ∈ P .
The results on the lattices generated by orbits of subspaces under ﬁnite classical groups can be found in Huo et al.
[10,11], Huo and Wan [12], Gao and You [5], Orlik and Solomon [13], and Wang and Feng [15].
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Nowwe shall introduce some concepts concerning d-bounded distance-regular graphs. Let=(X,R) be a connected
graph. For vertices u and v in X, let (u, v) denote the distance between u and v. The maximum value of the distance
function in  is called the diameter of , denoted by d = d(). For vertices u and v at distance i, deﬁne
C(u, v) = Ci(u, v) = {w | (u,w) = i − 1, (w, v) = 1},
A(u, v) = Ai(u, v) = {w | (u,w) = i, (w, v) = 1},
B(u, v) = Bi(u, v) = {w | (u,w) = i + 1, (w, v) = 1}.
For the cardinalities of these sets we use lower case letters ci(u, v), ai(u, v) and bi(u, v).
A connected regular graph  with diameter d is said to be distance-regular if ci(u, v), ai(u, v) and bi(u, v) depend
only on i for all 1 id . The reader is referred to [3] for general theory of distance-regular graphs.
Recall that a subgraph induced on  of  is said to be strongly closed if C(u, v) ∪ A(u, v) ⊆  for every pair of
vertices u, v ∈ . Suzuki [14] determined all the types of strongly closed subgraphs of a distance-regular graph.
A distance-regular graph with diameter d is said to be d-bounded, if every strongly closed subgraph of  is regular,
and any two vertices x and y are contained in a common strongly closed subgraph with diameter (x, y).
Weng [16,17] characterized when a distance-regular graph is d-bounded. We note that he called strongly closed
subgraphs weak-geodetically closed subgraphs. A regular strongly closed subgraph of  is said to be a subspace of .
For any two subspaces 1 and 2 of , suppose 1 + 2 denotes the minimum subspace containing 1 and 2. We
list two useful results by Weng which we shall use later.
Proposition 1.1 (Weng [16, Lemma 2.6]). Let  be a d-bounded distance-regular graph with diameter d. Then we
have bi > bi+1 for all i (0 id − 1).
Proposition 1.2 (Weng [17, Lemmas 4.2, 4.5]). Let  be a d-bounded distance-regular graph with diameter d. Then
the following hold.
(i) Let be a subspace of and 0 id().Then is distance-regular with intersection numbers ci()=ci, ai()=
ai, bi() = bi − bd().
(ii) For any vertices x and y, the subspace with diameter (x, y) containing x, y is unique.
It was pointed out in [7,8] that lattices are closely related to pooling spaces, which were introduced by Huang and
Weng [9]. Pooling spaces give a comprehensive treatment of constructions of d-disjunct matrices in terms of ranked
posets.
Let  = (X,R) denote a d-bounded distance-regular graph with diameter d2. Deﬁne the empty set ∅ to be the
subspace with diameter −1 in . For 0 i i + sd − 1 and a given vertex x, let L(x; i, i + s) denote the set
of all subspaces containing x in  with diameters i, i + 1, . . . , i + s including . If we deﬁne the partial order on
{x} ∪L(x; i, i + s) by ordinary inclusion or reverse inclusion, two families of atomic lattices are obtained. When
i = 0 or i + s = d − 1, the geometricity of these lattices is classiﬁed in [4,6], respectively. SupposeL(i, i + s)={∅}∪⋃
x∈XL(x; i, i + s). If we partial orderL(i, i + s) by ordinary inclusion (resp. reverse inclusion), thenL(i, i + s)
is a lattice, denoted byLO(i, i + s) (resp.LR(i, i + s)). In the present paper we show that bothLO(i, i + s) and
LR(i, i + s) are atomic lattices, and classify their geometricity. Our main results are the following.
Theorem 1.3. Let be a d-bounded distance-regular graph with diameter d2.For 0 i i+sd−1, the following
hold.
(i) LR(i, i + s) is a ﬁnite atomic lattice.
(ii) LR(i, i) is a ﬁnite geometric lattice.
(iii) For s1, LR(i, i + s) is a ﬁnite geometric lattice if and only if i + s = d − 1, and for any two elements 1
and 2,
d(1 + 2) − d(1) − d(2)
{−i + 1 if d(1 ∩ 2) i − 1,
−d(1 ∩ 2) if d(1 ∩ 2) i.
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Theorem 1.4. Let be a d-bounded distance-regular graph with diameter d2.For 0 i i+sd−1, the following
hold.
(i) LO(i, i + s) is a ﬁnite atomic lattice.
(ii) LO(i, i + s) is a ﬁnite geometric lattice if and only if s = 0.
Remark. BothLO(i, i + s) andLR(i, i + s) are pooling spaces, their parameters may be derived.
2. Proofs of main results
We begin with two results in [4] that we shall need in this section.
Proposition 2.1 (Gao et al. [4, Lemma 2.1]). Let  be a d-bounded distance-regular graph with diameter d2. For
0 i, s, td with i + 1 i + s i + s + td , suppose  and ′ are two subspaces satisfying  ⊆ ′, d() = i and
d(′) = i + s + t . Then the number of the subspaces with diameter i + s between  and ′ is
(bi − bi+s+t )(bi+1 − bi+s+t ) · · · (bi+s−1 − bi+s+t )
(bi − bi+s)(bi+1 − bi+s) · · · (bi+s−1 − bi+s) .
Proposition 2.2 (Gao et al. [4, Lemma 2.9]). Let  be a d-bounded distance-regular graph with diameter d. For
2 id − 2, there exist two distinct subspaces  and ′ with diameter i in  such that d( ∩ ′) = i − 2.
Proof of Theorem 1.3. (i) Note that  is the minimum element. Let P(i + s) be the set of all subspaces with diameter
i + s in . Then P(i + s) is the set of all atoms inLR(i, i + s). In order to proveLR(i, i + s) is atomic, it sufﬁces to
show that every element of P(j) (ijs + i) is a union of some atoms. The result is trivial for j = i + s. Suppose
that the result is true for j = i + s − l. For  ∈ P(i + s − (l + 1)). By Proposition 2.1, the number of subspaces with
diameter i + s − l containing  is
bi+s−l−1
bi+s−l−1 − bi+s−l 2.
It follows that there exist two different subspaces ′,′′ ∈ P(i + s − l) containing . Suppose ˜ = ′ ∨ ′′. Then
d(˜)= i + s − l − 1 or i + s − l. If d(˜)= i + s − l, then by Proposition 1.2, ′ = ˜=′′, a contradiction. It follows
that d(˜) = i + s − l − 1 and  = ˜ = ′ ∨ ′′ by Proposition 1.2 again. By induction  is a union of some atoms.
Therefore,LR(i, i + s) is a ﬁnite atomic lattice.
(ii) It is obvious thatLR(i, i) is a geometric lattice.
(iii) For any  ∈LR(i, i + s), we deﬁne
rR() =
{0 if = ,
s + 2 if = ∅,
i + s + 1 − d() otherwise.
It is routine to check that rR is the rank function onLR(i, i + s).
We divide our discussion into two cases.
Case 1: 1 i + sd − 2. If i + s = 1, then i = 0, s = 1. Since i + sd − 2 and d3, there exist two different
subspaces  and ′ with diameter 1 such that  ∩ ′ = ∅. Then  ∧ ′ =  and  ∨ ′ = ∅ in LR(0, 1); and so
rR() + rR(∅) = 3> 2 = rR() + rR(′). Therefore,LR(0, 1) is not a geometric lattice.
If 2 i + sd − 2, then by Proposition 2.2, there exist two distinct subspaces ,′ with diameter i + s such that
d( ∩ ′) = i + s − 2. So we have  ∧ ′ =  and
 ∨ ′ =
{
 ∩ ′ if s2,
∅ if s = 1.
Since rR( ∧ ′) + rR( ∨ ′) = 3> 2 = rR() + rR(′),LR(i, i + s) is not a geometric lattice.
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Case 2: i + s = d − 1. Suppose that LR(i, d − 1) is a ﬁnite geometric lattice. Then for any two subspaces 1
and 2,
rR(1 ∨ 2) + rR(1 ∧ 2)rR(1) + rR(2).
If d(1 ∩ 2) i − 1, then 1 ∨ 2 = ∅ and 1 ∧ 2 = 1 + 2. It follows that
rR(1 ∨ 2) + rR(1 ∧ 2) = d − i + 1 + d − d(1 + 2)
rR(1) + rR(2)
= d − d(1) + d − d(2),
that is d(1) + d(2) i − 1 + d(1 + 2).
If d(1 ∩ 2) i, then 1 ∨ 2 = 1 ∩ 2 and 1 ∧ 2 = 1 + 2. It follows that
rR(1 ∨ 2) + rR(1 ∧ 2) = d − d(1 ∩ 2) + d − d(1 + 2)
rR(1) + rR(2)
= d − d(1) + d − d(2),
that is d(1) + d(2)d(1 ∩ 2) + d(1 + 2).
Conversely, suppose that the inequality in (iii) holds. For any two subspaces 1,2 ∈LR(i, d − 1),
1 ∨ 2 =
{∅ if d(1 ∩ 2) i − 1,
1 ∩ 2 if d(1 ∩ 2) i.
It is routine to check thatLR(i, d − 1) is a ﬁnite geometric lattice. 
Proof of Theorem 1.4. (i) Note that ∅ is the minimum element. Let P(i) be the set of all subspaces with diameter i
in . Then P(i) is the set of all atoms inLO(i, i + s). In order to proveLO(i, i + s) is atomic, it sufﬁces to show that
every element of P(j) (ij i + s) is the union of some atoms. The result is trivial for j = i. Suppose that the result
is true for j = i + l. For  ∈ P(i + (l + 1)), pick a subspace 1 with diameter i + l − 1 in . By Propositions 1.1 and
2.1, the number of subspaces with diameter i + l between 1 and  is
bi+l−1 − bi+l+1
bi+l−1 − bi+l 2.
It follows that there exist two different subspaces ′,′′ ∈ P(i + l) ∩ . Let ˜ = ′ ∨ ′′. Then d(˜) = i + l or
i + l + 1. If d(˜) = i + l, then by Proposition 1.2, ′ = ˜= ′′, a contradiction. It follows that d(˜) = i + l + 1 and
 = ˜ = ′ ∨ ′′ by Proposition 1.2 again. By induction  is a least upper bound of some elements in P(i). Hence
LO(i, i + s) is a ﬁnite atomic lattice.
(ii) For any  ∈LO(i, i + s), deﬁne
rO() =
{0 if = ∅,
s + 2 if = ,
d() − i + 1 otherwise.
It is routine to check that rO is the rank function onLO(i, i + s).
It is clear that aLO(i, i) is geometric. Conversely, suppose s1. For two vertices x and y at distance d. Let 1 and
2 be two subspaces with diameter i containing x and y, respectively. Then 1 ∧ 2 = ∅ and 1 ∨ 2 = . It follows
that
rO(1 ∨ 2) + rO(1 ∧ 2) = s + 2> 2 = rO(1) + rO(2).
Therefore,LO(i, i + s) is not a geometric lattice whenever s1. 
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